Abstract. We use the Bar-Natan -correspondence to identify the generalized Alexander polynomial of a virtual knot with the Alexander polynomial of a two component welded link. We show that the -map is functorial under concordance, and also that Satoh's Tube map (from welded links to ribbon knotted tori in S 4 ) is functorial under concordance. In addition, we extend classical results of Chen, Milnor, and Hillman on the lower central series of link groups to links in thickened surfaces. Our main result is that the generalized Alexander polynomial vanishes on any knot in a thickened surface which is concordant to a homologically trivial knot. In particular, this shows that it vanishes on virtually slice knots. We apply it to complete the calculation of the slice genus for virtual knots with four crossings and to determine non-sliceness for a number of 5-crossing and 6-crossing virtual knots.
Introduction
A knot in S 3 is called slice if it bounds a smoothly embedded disk in B 4 . Many classical knot invariants take a special form on slice knots. For instance, the knot signature vanishes, the determinant is a square integer, and the Alexander polynomial factors as f (t)f (t −1 ) for some integral polynomial. (The last one is the famous Fox-Milnor condition.)
In this paper, we study virtual knots and establish a similar condition on the generalized Alexander polynomial for virtually slice knots. The generalized Alexander polynomial first appeared in the work of Jaeger, Kauffman, and Saleur. In [JKS94] they introduce a determinant formulation for the Alexander-Conway polynomial derived from the free fermion model in statistical mechanics. Their approach involves constructing link invariants via partition functions and solutions to the Yang-Baxter equation. Using a particular solution, they derive an invariant of knots in thickened surfaces which takes the form of a Laurent polynomial in two variables. In the planar case, the invariant can be further normalized to give the classical Alexander-Conway polynomial.
In subsequent work, Sawollek [Saw99] observed that the approach of [JKS94] leads to a welldefined invariant of oriented virtual knots and links now known as the generalized Alexander polynomial. Virtual knots were introduced by Kauffman in the mid 1990s, and they can be viewed as knots in thickened surfaces up to isotopy, diffeomorphism, and stabilization, described in more detail in §2. The generalized Alexander polynomial plays a prominent role in virtual knot theory and can be interpreted in a variety of ways. It can be expressed as the Alexander ideal of the extended knot group [SW03] , in terms of quandles [KR03, Man02] and virtual biquandles [CHN13] , and as the Alexander invariant of the virtual knot group [BDG + 15]. It has numerous applications: it can detect non-invertibility and non-classicality [Saw99, SW03] ; it gives a lower bound on the virtual crossing number [BDG + 15]; and it dominates the writhe polynomial [Mel16] .
A knot K ⊂ Σ × I in a thickened surface is said to be virtually slice if it bounds a smooth 2-disk in W × I, where W is a compact oriented 3-manifold with ∂W = Σ. There is much computational evidence suggesting that the generalized Alexander polynomial is a slice obstruction (see [BCG17b, Conj. 4 .1]). Our main theorem confirms this conjecture by showing that the generalized Alexander polynomial vanishes on knots in thickened surfaces which are concordant to homologically trivial knots (see Theorem 4.8). In particular, it follows that the generalized Alexander polynomial vanishes on virtually slice knots.
In §2, we introduce some basic notions and sketch the argument of the main result. In §3, we introduce virtual boundary links, and we give virtual analogues of results of Milnor [Mil57,  Theorem 4] and Hillman [Hil78] . In §4, we present the -construction (due to BarNatan) and describe the Tube construction (due to Satoh) . Both are shown to be functorial under concordance. The main result and its proof are given in §4.3, and applications to obstructing sliceness are given in §4.4. The paper concludes with §4.5, a brief discussion on further questions about the generalized Alexander polynomial and the -construction.
Preparations
2.1. Basic Notions. We briefly review the basic notions of virtual knot theory, including virtual knot diagrams, welded equivalence, the link group, Gauss diagrams, and knots in thickened surfaces. For a more thorough introduction, we recommend [Kau99] . Note that all virtual knots and links in this paper will be oriented.
A virtual knot diagram is an immersion of a circle in the plane whose double points are either classical (indicated by over-and under-crossings) or virtual (indicated by a circle). Figure 1 shows the virtual knot 4.12. The decimal number refers to the virtual knot table [Gre04] . Virtual link diagrams are defined similarly. Two such diagrams are virtually equivalent if they are related by planar isotopies, (classical) Reidemeister moves, and the detour move (see Figure 2 ). These moves are known collectively as the virtual Reidemeister moves. Two virtual links are said to be welded equivalent if they can be represented by diagrams related by a sequence of virtual Reidemeister moves and the forbidden overpass (see Figure  2 ).
Associated to any virtual knot diagram is a Gauss code, which is a word that records the over and under-crossing information and signs of the crossings as one goes around the knot. A Gauss diagram is a decorated trivalent graph that records the same information. Full details can be found in [Kau99] , and Figure 1 gives an illustrative example. Similar considerations apply to virtual link diagrams. There is a notion of equivalence of Gauss diagrams generated by the Reidemeister moves, and one can define virtual knots and links as equivalence classes of Gauss diagrams.
One can alternatively define virtual links as links in thickened surfaces up to stable equivalence. Let Σ be a compact, connected, oriented surface. A link L in Σ × I is a 1-dimensional submanifold with finitely many components, each of which is homeomorphic to S 1 . Stabilization is the addition or removal of a 1-handle to Σ disjoint from the diagram of L. Specifically, given disks D 0 , D 1 ⊂ Σ disjoint from one another and from the projection of L under Σ × I → Σ, we set Σ = Σ (D 0 ∪ D 1 ) ∪ S 1 × I, where the 1-handle S 1 × I is attached along ∂D 0 ∪ ∂D 1 . This operation is called stabilization, and the opposite procedure, which is the removal of a 1-handle disjoint from L, is called destabilization. Two links L 0 ⊂ Σ 0 × I and L 1 ⊂ Σ 1 × I are said to be stably equivalent if one is obtained from the other by a finite sequence of isotopies, oriented diffeomorphisms of Σ × I, stablizations, and destablizations. By [CKS02] , a virtual link is uniquely determined by the associated stable equivalence class of links in thickened surfaces, and vice versa.
2.2. Generalized Alexander polynomial. In [Saw99] , Sawollek introduced the generalized Alexander polynomial, an invariant of oriented virtual links. His definition is an adaptation of work of Jaeger, Kauffman and Saleur [JKS94] , who extended the Alexander-Conway polynomial to links in thickened surfaces. Using the extended Alexander group, Silver and Williams defined Alexander invariants for virtual links [SW01] , and in [SW03] , they showed how to interpret Sawollek's polynomial as the zeroth order Alexander invariant of their extended Alexander group. The resulting invariant will be denoted ∆ 0 L (s, t). We recall its definition from [Mel16, SW03] . (Note that we use variable s, t in place of v, u, respectively.) Suppose K is a virtual knot, represented as a virtual knot diagram with n classical crossings. Fix an ordering of the crossings, and use it to determine an ordering on the arcs a 1 , . . . , a 2n of the diagram as follows. The arcs start at one classical crossing and end at the next classical crossing, passing through any virtual crossings along the way. The ordering on the arcs is chosen so that, at the i-th crossing, the incoming arcs are a 2i−1 and a 2i , as depicted in Figure 3 .
positive writhe
negative writhe Figure 3 . The labeling of incoming arcs at the i-th crossing.
Define M to be the block diagonal 2n × 2n matrix with the 2 × 2 blocks M 1 , . . . , M n placed along the diagonal. Here M i is the matrix corresponding to the i-th crossing, and it is equal to
depending on the writhe of the i-th crossing; namely we use M + if the writhe is positive and M − if it is negative.
The sequence of arcs that are encountered as one travels along the knot determines a permutation of {a 1 , . . . , a 2n }, given as a cycle. Let P denote the associated permutation matrix; its ij entry is equal to 0 unless a i precedes a j as consecutive arcs, in which case the ij entry equals 1. The generalized Alexander polynomial is then given by ∆ 0 K (s, t) = det(M −P ), and it is an invariant of the virtual link up to multiplication by powers of st.
Example 2.1. For the virtual knot 4.12 in Figure 1 , one can compute that its generalized Alexander polynomial is given by ∆ 0 
This group is invariant under the generalized Reidemeister moves and the forbidden overpass, and consequently it is an invariant of the welded type of D (see [Kim00] ).
For virtual links represented instead as links L ⊂ Σ × I in thickened surfaces, the link group G L is the fundamental group of the space Y obtained from Σ × I L by collapsing Σ × {1} to a point (see [KK00, Proposition 5.1]).
Given a link group G = G L for an oriented link L with µ components, a choice of meridians m 1 , . . . , m µ determines an epimorphism α :
. This module is of course just the Alexander module of L, and using Fox differentiation one can easily describe it in terms of a presentation matrix A called the Alexander matrix. For instance, for the group presentation (1), the Alexander matrix is the m × m matrix with ij entry given by
, where r i is the relation a
i+1 . The k-th elementary ideal is denoted E k and defined to be the ideal generated by all the (m − k) Figure 4 . 2.4. Concordance. In the following, we define the related concepts of cobordism and concordance. We begin with the definition of cobordism for virtual links.
Definition 2.4. Two virtual links L and L are cobordant if they have the same number of components and can be represented by virtual link diagrams that are related to one another by a finite sequence of moves that include all Reidemeister and detour moves, together with births, deaths, and saddles.
A birth is the addition of a trivial unknotted unlinked component and a death is the removal of a trivial unknotted unlinked component. A saddle is a move that cuts and rejoins two arcs in a way that respects their orientations, see Figure 5 . saddle Figure 5 . A saddle move.
Given a cobordism, its Euler number is defined to be b + d − s, where b is the number of births, d is the number of deaths, and s is the number of saddles.
In a similar way, one can define cobordism for welded links. In addition to the virtual Reidemeister moves, births, deaths, and saddles, one also allows the forbidden overpass.
We now introduce the more restrictive notion of concordance. Two virtual links
there exists a sequence of b i births, d i deaths, and s i saddles taking K i to K i and such that
This condition assures that the cobordism surface is a disjoint union of annuli.
A virtual link L is virtually slice if it is virtually concordant to the unlink. Concordance of welded links is defined similarly; here one allows virtual Reidemeister moves and the forbidden overpass, along with births, deaths, and saddles, with the requirement that
There is a useful equivalent description of virtual link concordance in terms of links in thickened surfaces, and we take a moment to describe it.
Definition 2.5. Two links L 0 ⊂ Σ 0 × I and L 1 ⊂ Σ 1 × I in thickened surfaces are said to be virtually concordant if there exists a compact oriented 3-manifold W with boundary ∂W = −Σ 0 ∪Σ 1 , together with a collection Z = Z 1 ∪· · ·∪Z µ of disjoint annuli, each smoothly and properly embedded in W ×I such that Z i ≈ S 1 ×I has its interior contained in Int(W )×I and one boundary component on Σ 0 × I and the other on Σ 1 × I.
Two virtual links are said to be concordant if they can be represented by virtually concordant links L 0 ⊂ Σ 0 × I and L 1 ⊂ Σ 1 × I in thickened surfaces. Note that concordant links are required to have the same number of components.
2.5. Sketch of the proof. Our main result is Theorem 4.8. It states that the generalized Alexander polynomial vanishes for knots in thickened surfaces which are concordant to homologically trivial knots. Below we give a brief sketch of the proof.
Given a virtual knot K, we associate to it a two-component semi-welded link (K), such that the (reduced) virtual knot group G K is isomorphic to the classical link group G (K) . It follows that their Alexander modules are isomorphic. Thus, they have the same elementary ideals up to an overall degree shift, which is the result of the fact that the number of meridional generators increases by one under the -map. (Note that the elementary ideals E k of the virtual Alexander module G K /G K are indexed as in [BGH + 17].) In particular, the isomorphism of Alexander modules identifiesĒ k with E k+1 for k ≥ 0.
Additionally, the correspondence K → (K) is functorial with respect to concordance. Namely, if K and K are concordant as virtual knots, then (K) and (K ) are concordant as welded links.
Next, we apply Satoh's Tube map to the welded link L = (K) (see §4 for more details), and consider the resulting ribbon torus link Tube(L) ⊂ S 4 . The Tube map is also shown to be functorial in concordance. That is, if L and L are concordant as welded links, then Tube(L) and Tube(L ) are concordant as ribbon torus links.
A result of Stallings then shows that, for compact submanifolds T of S 4 , the nilpotent quotients of the fundamental group of S 4 T are invariant under concordance. Applied to T = Tube(L), since the classical link group G L is isomorphic to π 1 (S 4 T ), this implies that the nilpotent quotients of G L are invariant under concordance of the welded link L.
Any knot in a thickened surface represents a virtual knot K. If K is concordant to an almost classical knot, then the welded link L = (K) is welded concordant to a virtual boundary link. Therefore, the nilpotent quotients of G L ∼ = G K coincide with those of the free group F (2) on two generators. Using the Chen-Milnor presentation of the nilpotent quotients, we conclude that the longitudes of L must lie in the nilpotent residual (G L ) ω . Applying a result of Hillman, suitably extended to virtual link groups, it follows that the first elementary ideal E 1 is trivial, and we conclude that the generalized Alexander polynomial of K must vanish.
Classical results for virtual links
3.1. Virtual boundary links. In the following, Σ is a closed oriented surface, and F (µ) denotes the free group on µ generators. Note that every virtual boundary link is almost classical, but the converse is not true for links with µ > 1 components.
For a classical link L ⊂ S 3 with µ components, Smythe showed that L is a boundary link if and only if there is an epimorphism G L → F (µ) mapping the set of meridians to a free basis [Smy66] . This result was extended to higher dimensional links by Gutiérrez [Gut72] . The next result gives the analogue in one direction for virtual links. Note that the other implication is not true for virtual links, in fact it fails already for virtual knots. In that case, the knot group G K always admits an epimorphism to Z, but a virtual knot admits a Seifert surface if and only if it is almost classical. Thus, a virtual knot is a boundary link if and only if it is almost classical.
L is a boundary link with µ components, then there is an epimorphism G L → F (µ) mapping the set of meridians of L to a free basis.
S 1 be a bouquet of µ circles, with basepoint * the wedge point. Define p : Y → B as follows. For (x, t) ∈ S j × (−1, 1) ≈ N j , let p(x, t) = e π(t+1) √ −1 ∈ S 1 j , the j-th circle of B. This defines p on the union ∪ µ i=1 N i , and we extend p to all of Y by sending points in Y ∪ µ i=1 N i to the basepoint * ∈ B. Obviously, the bouquet of circles is a K(F (µ), 1), and p * : π 1 (Y, * ) −→ π 1 (B, * ) maps the meridians of L to a set that freely
sending the meridians of L to a free basis for F .
Given a finitely generated group G, let G = [G, G] and G = [G , G ] denote the first and second commutator subgroups of G.
The next result is an immediate consequence of Proposition 3.2 and Theorem 4.2 in [Hil12] , which asserts that
Corollary 3.3. If L ⊂ Σ × I is a boundary link with µ components and link group G L , then E µ−1 = 0.
3.2. Lower central series. For a group G, the lower central series is the descending series
The next theorem is a classical result due to Stallings, see [Sta65, Theorem 3.4].
Theorem 3.4 (Stallings).
Let h : A → B be a homomorphism of groups inducing an isomorphism
In the following, let F (µ) be the free group on µ generators.
Theorem 3.4 applies to prove the first part.
To prove the second part, recall that finitely generated free groups are residually nilpotent, hence F (µ) ω = 1. Thus, showing that the longitudes of L lie in (G L ) ω is equivalent to showing they lie in the kernel of the epimorphism G L → F (µ).
Recall the construction of the map p : (Y, * ) → (B, * ) of pointed spaces from the proof of Proposition 3.2. (Here Y = (Σ × I L)/Σ × {1} and B = ∨ µ i=1 S 1 .) Let K i be the i-th component of L, and i be the longitude of K i . We choose a representative for i which is a simple closed curve on the Seifert surface S i for K i . By pushing this curve in the positive normal direction to S i , we can arrange that it lies outside the open tubular neighborhood N i of S i . By construction, p sends this curve to the basepoint * , and it follows that i ∈ ker(p * ). This completes the proof of the second part.
3.3. The Chen-Milnor Theorem. Milnor described a presentation for the nilpotent quotients of the link group of a classical link in [Mil57] , and this was extended to virtual links in [DK10] . We present an alternative proof for virtual links based on the argument of Turaev [Tur76] .
Let L = K 1 ∪ · · · ∪ K µ be an oriented virtual link diagram with µ components. We regard the link group G L with its Wirtinger presentation as in Definition 2.2. For i = 1, . . . , µ, we choose one arc on the i-th component K i of L and let m i denote the resulting meridian, which is given by the associated generator of (1). The corresponding longitude i is the word obtained by following K i in the direction of its orientation, starting at the chosen arc, and at each under-crossing recording the over-crossing arc with sign ε = ±1 according to the writhe of the crossing. The resulting word is multiplied by the appropriate power of m i so that the longitude i has m i -th exponential sum equal to zero. Theorem 3.6. Let L ⊂ Σ × I be a link with µ components and link group G L , and let F (µ) be the free group generated by x 1 , . . . , x µ . Then G L /(G L ) n has a presentation:
where x i and i,n represent the images in G L /(G L ) n of the i-th meridian and longitude, respectively.
Proof.
is a solid torus and has boundary
be the exterior of L in Σ × I, and set Y = X/Σ × {1}. Notice that Y is homotopic to X with a cone placed on top, and that G L ∼ = π 1 (Y, * ). In the following, we choose the basepoint * to lie on Σ × {0}.
We choose arcs α i in X from * to ∂N (K i ) whose interiors are disjoint and lie in Int(X)
Let W = Y V and G = π 1 (W, * ). Clearly H 1 (W ; Z) ∼ = Z µ , with one generator for each meridian of L. We claim that H 2 (W ; Z) = 0. To see this, notice that X V is a 3-manifold with two boundary components, one is Σ × {1} and the other is the connected sum of Σ × {0} with the tori ∂N (K 1 ), . . . , ∂N (K µ ) connected along the tubes α i . Writing ∂(X V ) = ∂ 1 ∪∂ 2 and using the long exact sequence for the pair (X V, ∂ 1 ∪ ∂ 2 ), it follows that H 2 (X V ) is generated by ∂ 1 and ∂ 2 subject to the single relation ∂ 1 + ∂ 2 = 0. Thus H 2 (X V ) = Z, and since W = (X V )/Σ × {1}, it follows that H 2 (W ; Z) = 0 as claimed.
One can construct a K(G, 1) by attaching cells of dimension d ≥ 3 to W , and the induced map H 2 (W ) −→ H 2 (G) is therefore surjective. Thus H 2 (G) = 0, and applying Theorem 3.4, we see that the inclusion of the meridians induces an isomorphism 
Proof. If the longitude i lies in (G L ) n−1 , then the corresponding element i,n in the presentation of (2) necessarily lies in
,n ] are consequences of the relations F (µ) n = 1. In that case, the presentation (2) of Theorem 3.6 simplifies to show that G L /(G L ) n ∼ = F (µ)/F (µ) n , which proves one direction.
To prove the other direction, suppose conversely that G L /(G L ) n ∼ = F (µ)/F (µ) n for all n. Then the relations [x i , i,n ] = 1 of the presentation (2) must be consequences of the relation F (µ) n = 1. Recall that the i-th longitude i is defined to have zero exponential sum with respect to the i-th meridian, and so Corollary 5.12 (iii) of [MKS04] applies to show that since [x i , i,n ] ∈ F (µ) n , we must have i,n ∈ F (µ) n−1 . Consequently, it follows that i ∈ (G L ) n−1 , and since this holds for all n ≥ 3, we conclude that i ∈ (G L ) ω .
3.4. The Chen groups. Given a finitely generated group G, define the Chen groups of G to be the quotient groups
The following result is the main theorem of [Hil78] , extended slightly to include link groups of virtual links in part (3).
Theorem 3.8 (Hillman) . If G is a finitely presented group with G/G ∼ = Z µ , then the following conditions are equivalent.
(1) E µ−1 = 0 (i.e. the first µ − 1 Alexander ideals vanish).
(2) For each integer q ≥ 1, the q-th Chen group of G satisfies
where F (µ) is a free group of rank µ.
(3) The longitudes of L are in G(∞).
Proof. The proof of equivalence of (1) and (2) can be found in [Hil78] . Our focus is on showing that (2) and (3) are equivalent for link groups of virtual links. To that end, suppose that G = G L is the link group of a link L ⊂ Σ × I. Let 1 , . . . , µ denote the longitudes of L.
(2) implies (3). This follows by the proof given in [Hil78] .
(3) implies (2). Suppose that i ∈ G(∞) for i = 1, . . . , µ. Let F = F (µ) be the free group generated by x 1 , . . . , x µ . Then arguing as in Proposition 3.7, it follows that G/G q G ∼ = F/F q F for all q ≥ 1. Consider the following commutative diagram, where the vertical maps α, β, and γ are induced by the homomorphism F → G sending x i to a meridian for the i-th component of L.
The two rows are exact, and β and γ are isomorphisms. Therefore, α is also an isomorphism, and it follows that Q(F ; q) ∼ = Q(G; q) for all q ≥ 1. Thus, we see that (2) holds.
4.
Crossing the crossings and the tube construction 4.1. The Bar-Natan -construction. In this section, all virtual links are assumed to be oriented, and refers to the Cyrillic letter and is pronounced "zh". This letter was chosen as a symbol for the operation of "crossing the crossings" [BN15].
Given a virtual link diagram D, following [BN15], one can construct a new diagram (D) as follows. If D has µ components, then (D) has µ + 1 components, it is obtained from D by adding one new component, which is drawn in blue and includes two new over-crossings for each classical crossing of D (see Figure 6) . The new over-crossings are connected to one another, adding virtual crossings wherever needed to cross any existing arcs, and we consider the link (D) up to semi-welded equivalence, which means we allow the forbidden overpass on the new component. As a result, the order in which the newly added over-crossings is connected is arbitrary and does not affect the semi-welded link type of (D). In Figure 6 , the dotted curves illustrate a way to connect the over-crossings, but one could connect them in other ways without altering the underlying semi-welded link. One immediate consequence of this construction is that deleting the new component from (D) simply gives us the original link diagram D back. To this end, Polyak's result in [Pol10] shows that all the Reidemeister moves can be generated from the four moves Ω 1a , Ω 1b , Ω 2a , and Ω 3a , so it is enough to prove invariance of (D) under each one of these four moves. The proof in the case of the Ω 1a move is shown in Figure 7 . Notice that after performing a Reidemeister 2 move, there are no real crossings on the ω-arc, which is why it appears dotted in the middle frame of Figure 7 . As such, it can be erased altogether. The proof for the Ω 1b move is similar.
The argument for the Ω 2a move is shown in Figure 8 . The first frame shows the ω-arc with four over-crossings, but they all eventually cancel out under successive Reidemeister 2 moves. Once the ω-arc can be drawn without real crossings, it can be erased just as before.
The proof for the Ω 3a move is described in Figure 9 . In the first frame, the ω-arc is seen to be a loop around the three crossings. Using the forbidden overpass, this loop can be pulled off. After performing a Reidemeister 3 move, one can then use the forbidden overpass to insert a loop going in the opposite direction. This shows invariance of the -construction under the Ω 3a move and completes the proof. Figure 10 shows the result of applying the -construction to the virtual knot 2.1, and in that figure all crossings along the dotted blue curves are virtual.
/ / Figure 10 . The -construction applied to the virtual knot 2.1.
We now describe an alternative formulation of the -construction in terms of Gauss diagrams which is sometimes useful. Suppose that Γ is a Gauss diagram representing the virtual link L. Then (Γ) is the Gauss diagram with one extra component obtained by adding two new arrows (both over-crossings) to either side of each existing chord of Γ. The new arrows are drawn in blue, and they comprise the ω-component. There are two possible configurations for the new arrows, as shown on the right of Figure 11 , either before the foot and after the head of the existing chord, or after the foot and before the head. These two configurations are equivalent by a semi-welded RM3 move. The two new arrowheads have opposite sign; the one nearest the head of the existing chord has sign equal to that of the chord, and the one nearest the foot has the opposite sign. Since (Γ) is considered up to semi-welded equivalence, the order of the new arrows is arbitrary. For that reason, we do not bother to draw the core circle for the ω-component. If one wants, one could degenerate the core circle of the new component to a point, reflecting the fact that the new arrows can be reordered arbitrarily.
One can use this approach to give an alternative proof of Proposition 4.1 in terms of Gauss diagrams. We leave the details as an entertaining exercise for the reader. Proof. Notice that a cobordism can be decomposed into a sequence of operations, each of which is one of the virtual Reidemeister moves or a birth, death, or saddle. We have already Proof. In the proof of invariance under Ω 3a in Proposition 4.1, we showed that the ω-arc is a loop that can be pulled off. The same reasoning applies to any disk-like region bounded by n arcs of a link diagram provided they are all oriented in the same direction. This follows by observing that the ω-arc is a loop and pulling it off just as before.
This observation is a key step here, and to use it we claim that L can be represented by a special kind of diagram D on Σ. A diagram D on Σ is called checkerboard colorable if the regions of Σ D can be colored black or white so that adjacent regions have opposite colors. One may further assume, by destabilizing if necessary, that Σ D is a union of discs.
A virtual link is almost classical if and only if it bounds a Seifert surface, and every almost classical link is checkerboard colorable (see [BGH + 17] ). Given such a link, using isotopies, one can arrange that the black surface of the checkerboard coloring is a Seifert surface. This will be the case if and only if all crossing are type I crossings (see e.g. [BZ03] ), which means that the black regions, which are all disks, are the ones obtained by performing oriented smoothings at all crossings. Further, each black disk can be oriented so that its boundary orientation agrees with the orientations of the arcs of the diagram that form its boundary.
Applying the -map, it follows the ω-component is a union of loops that circumnavigate the black disks, and there will be one such loop for every black disk that is oriented counterclockwise. In this way, we identify the ω-component with the oriented Tait graph associated to the white surface. (This is the graph with one vertex for each white region and one edge for each crossing between two regions.) Thus the ω-component decomposes into a union of cycles, each of which encloses one black disk. Arguing as above, one sees that each loop of the ω-component pulls off, and this eliminates all the real crossings from the ω-component. As a result, it follows that the ω-component is unknotted and unlinked, as claimed.
For the next result, recall the reduced virtual link group G L of Definition 2.3.
Proposition 4.5. Let L be a virtual link with µ components, and let (L) be the semi-welded link with µ + 1 components obtained from the -construction. Then there is an isomorphism of groups
from the reduced virtual link group of L to the link group of (L).
to be the homomorphism given by sending arc generators of L to the corresponding arc generators of (L), and define Φ(v) = ω, which is the arc generator for the new component in (L). That Φ is an isomorphism can be easily seen by comparing the relations of Figure 4 with those in Figure 12 . We describe the Tube map using broken surface diagrams, and to that end we introduce some terminology. A knotted surface is an embedding of a surface into R 4 ; and it is called ribbon if it bounds an immersed handlebody in R 4 with only ribbon singularities (see [ Satoh's Tube map can be described as a broken surface diagram as follows. Each arc is inflated to an annulus or "tube". At classical crossings, the tube of the over-crossing arc goes inside the tube of the under-crossing arc (see Figure 14 left), and at virtual crossings, the tubes pass over each other without intersecting (see Figure 14 right). In [Sat00], Satoh proved that the equivalence class of Tube(L) depends only on L up to welded equivalence. He further showed that under the correspondence L → Tube(L), the knot group G L and π 1 (S 4 Tube(L)) are isomorphic.
A concordance between two torus links T 0 and T 1 in S 4 is a smooth proper embedding W in S 4 × I with finitely many components, each diffeomorphic to (S 1 × S 1 ) × I, and such that W ∩ (S 4 × {i}) = T i for i = 0, 1. A torus link is slice if it is concordant to the trivial Proof. Since L 0 and L 1 are welded concordant, there is a sequence of virtual link diagrams
is obtained from J i by either a welded equivalence, a birth, a death, or a saddle. We construct a cobordism
The condition on the Euler characteristic of the welded concordance implies that F = n−1 i=0 F i is diffeomorphic to a disjoint union of annuli. Hence, W is in fact a concordance between Tube(L 0 ) and Tube(L 1 ). Consider each type of pair J i , J i+1 .
Suppose that J i+1 is obtained from J i by a welded equivalence. Then there is an ambient isotopy H : S 4 × [0, 1] → S 4 taking Tube(J i ) to Tube(J i+1 ). For 0 ≤ t ≤ 1, consider H(Tube(J i ), t) as an embedding into S 4 × {i + t} and define
where F i is a disjoint union of annuli. Now consider a birth, death or saddle. In 2-dimensions, a birth is realized by the addition of a 0-handle h 2 0 , a death is realized by the addition of a 2-handle h 2 2 , and a saddle is realized by the addition of a 1-handle h 2 1 . We claim that Tube(J i+1 ) can be obtained from Tube(J i ) by attaching round handles S 1 × h 2 k to Tube(J i ) × [i, i + 1] for some k = 0, 1, 2. Since S 1 has a 1-dimensional handle decomposition S 1 = h 1 0 ∪ h 1 1 , this can be accomplished by appropriately attaching the 3-dimensional handles h 1 0 × h 2 k and h 1 1 × h 2 k (see e.g. [GS99, Example 4.6.8]). The attachment for a birth is depicted in Figure 15 .
) is a solid torus. Also, Tube(J i+1 ) is obtained from the broken surface diagram Tube(J i ) by adding the boundary of an unknotted solid torus. In this case, we may set
, where Z is a disjoint union of annuli, and we set F i = Z h 2 0 . This establishes the claim for a birth. The construction for a death move follows by duality.
The attachment for a saddle is depicted in Figure 16 . Let Z be the disjoint union of annuli satisfying Tube( 
It follows that ∂(S
1 × Z ∪ S 1 × h 2 1 ) = Tube(J i+1 ) Tube(−J i ). Set F i = Z ∪ h 2 1 and W i = S 1 × F i .
Main result.
The following theorem gives a statement of our main result.
Theorem 4.8. Let K ⊂ Σ × I be a knot in a thickened surface. If K is concordant to a homologically trivial knot, then its generalized Alexander polynomial vanishes.
Restated in terms of virtual knots, we get the following result. A sketch of the proof was given in §2.5, and below is a detailed argument. Suppose T 0 and T 1 are two torus links in S 4 . An I-equivalence between T 0 and T 1 is a topological embedding Z in S 4 × I with finitely many components, each homeomorphic to (S 1 × S 1 ) × I, and such that Z ∩ S 4 × {i} = T i for i = 0, 1. Note that if torus links are Iequivalent, then they have the same number of components. Note further that I-equivalences are not assumed to be locally flat.
The next result is Theorem 5.2 from [Sta65] , which shows that I-equivalent compact submanifolds of S n have isomorphic nilpotent quotients.
Theorem 4.11 (Stallings) . Let X and Y be I-equivalent compact submanifolds of the nsphere S n . Let A and B denote the fundamental groups of S n X and S n Y , respectively. Then for all k, A/A k ∼ = B/B k are isomorphic. Proof. By Proposition 4.7, the ribbon torus links T = Tube(L) and T = Tube(L ) are concordant. For ribbon torus links, concordance implies I-equivalence, hence Theorem 4.11 applies to show that the nilpotent quotients of π 1 (S 4 T ) and π 1 (S 4 T ) are isomorphic. Since the link groups satisfy G L ∼ = π 1 (S 4 T ) and G L ∼ = π 1 (S 4 T ), it follows that G L and G L have isomorphic nilpotent quotients. This completes the proof.
Theorem 4.13. Suppose L ⊂ Σ × I is a link with µ components and link group G L . If L is welded concordant to a virtual boundary link, then E µ−1 = 0.
Proof. Theorem 4.12 tells us that the nilpotent quotients of G L are invariants of concordance of welded links. Therefore, if L is welded concordant to a virtual boundary link, then by Theorem 3.5 and Proposition 3.7, its longitudes must lie in (
Theorem 3.8 then applies to show that E µ−1 = 0.
Proof of Theorem 4.8. Given a knot K in Σ × I which is concordant to a homologically trivial knot, then it represents a virtual knot. By abuse of notation, we use K to denote the resulting virtual knot, which by hypothesis is concordant to an almost classical knot. Set L = (K), then L is a welded link with µ = 2 components. Corollary 4.3 implies that L is welded concordant to a virtual boundary link, and Theorem 4.13 applies to show that its first elementary ideal vanishes, i.e., E 1 = 0. However, Proposition 4.5 tells us that the link group G L is isomorphic to the reduced virtual knot group G K , and thus it follows that K has vanishing generalized Alexander polynomial.
This proof extends to give the following result for virtual boundary links.
Proposition 4.14. Let L be a virtual link with µ components. If L is concordant to a virtual boundary link, then the elementary ideals E of the reduced virtual Alexander module vanish for 0 ≤ ≤ µ − 1.
4.4.
Applications. Up to mirror symmetry and orientation reversal, there are 92,800 virtual knots with six or fewer crossings [Gre04] , and the papers [BCG17b] and [Rus19] take up the problem of determining sliceness and the slice genus for these virtual knots. 1 We describe progress on this problem obtained from Corollary 4.9.
With such a large number of virtual knots, the first step is to identify the virtual knots that are possibly slice. Turaev's graded genus ϑ(K) is defined in [Tur08] , and in [BCG17b] it is shown to be an effective slice obstruction for virtual knots. Indeed, applying ϑ(K) = 0 as a sieve reduces the set of potentially slice virtual knots from 92,800 to 1551 (see Table  2 ). In combination with the graded genus, the generalized Alexander polynomial eliminates another 194 virtual knots from consideration. Given that 1295 of the resulting virtual knots are known to be slice [BCG17b] , this reveals that the combined sieve predicts sliceness for low-crossing virtual knots with 95.3% accuracy! There are a number of other useful concordance invariants of virtual knots, including the Rasmussen invariant derived from Khovanov/Lee homology theories [DKK17, Rus19] and the signature invariants of almost classical knots [BCG17a] . These invariants not only obstruct sliceness but also provide valuable information on the slice genus. For instance, the signature invariants were applied to the problem of computing the slice genus of almost classical knots up to six crossings in [BCG17a] . Since the generalized Alexander polynomial vanishes on almost classical knots, it is not useful for addressing questions about sliceness for almost classical knots.
Virtual
Generalized Rasmussen knot Gauss code Alexander polynomial invariant 4.12 The slice genus was determined for all virtual knots with four or fewer crossings with one exception in [BCG17b] . In addition, sliceness was determined for all but 11 virtual knots with 5 crossings. These virtual knots are listed in Table 1 , along with their generalized Alexander polynomials and Rasmussen invariants. The Rasmussen invariants were computed by Will Rushworth in [Rus19] , and the generalized Alexander polynomials were computed by Lindsay White. Taken together, these computations show non-sliceness for all but two of the twelve virtual knots in Table 1 .
Thus Corollary 4.9 implies that the virtual knot 4.12 is not slice, and the results of [BCG17b] apply to show that it has slice genus g s (K) = 1. This completes the calculation of the slice genus for virtual knots with up to 4 crossings.
For virtual knots with 5 crossings, based on the results of [BCG17b, According to [BCG17b] , there are 236 virtual knots with 6 crossings whose slice status is unknown. Using the signature invariants introduced in [BCG17a] , it follows that the 10 almost classical knots among these are not slice. Another 39 of these knots were shown to have nontrivial Rasmussen invariants by Rushworth [Rus19] , therefore none of them are slice either. Of the remaining 187 virtual knots with 6 crossings, exactly 134 have nontrivial generalized Alexander polynomial, and so Corollary 4.9 implies that none of them are slice. In Example 4.15 below, we will show how to slice four of these 6-crossing knots, and that leaves just 39 virtual knots with 6 crossings whose slice status remains unknown.
Given that the generalized Alexander polynomial vanishes on virtually slice knots, it is natural to ask whether it is invariant under virtual knot concordance. We show by example that this is not the case.
The example is constructed by taking the connected sum with a diagram of the trivial knot. Recall that connected sum is not a well-defined operation on virtual knots; it depends on the diagrams used as well as the connection site. The Kishino knot is a well-known example of a nontrivial virtual knot obtained as the connected sum of two virtual diagrams of the unknot. In general, if J is a virtual diagram of the unknot, and K is any virtual knot diagram, then Crossing Virtual ϑ = 0 combined slice  status  number  knots sieve  sieve  knots unknown  2  1  0  0  0  0  3  7  1  0  0  0  4  108  15  14  13  0  5  2448  59  51  45  2  6  90235 1476  1294  1241  39   Table 2 . Virtual knots by crossing number, ϑ = 0 sieve, combined ϑ = 0 and ∆ 0 = 0 sieve, slice knots, and status unknown.
it follows immediately that K and K#J are virtually concordant. (This fact is independent of the connection site, and the same thing holds whenever J is slice.) Consider now the virtual knots K 1 = 3.2 and K 2 = 5.343 whose Gauss diagrams are pictured in Figure 17 . The above remarks imply that K 1 and K 2 are concordant, and direct computation shows that their generalized Alexander polynomials are given by ∆ 0 K 1 (s, t) = (t 2 − 1)(s − 1)(st − 1), and ∆ 0 K 2 (s, t) = −(t − 1)(s − 1)(st − 1)(s 2 t + st − s).
up to units in Z[s ±1 , t ±1 ], we conclude that the generalized Alexander polynomial is not an invariant of virtual knot concordance. This example highlights the fact that the generalized Alexander polynomial is not additive under connected sum.
Example 4.15. Among the virtual knots of unknown slice status are 6.33048, 6.33049, 6.33504, 6.33508. Each of them has vanishing graded genus and generalized Alexander polynomial. Further, each is a connected sum of two virtual knots, one with two crossings and the other with four. We will show that both of these summand knots are virtually slice and conclude the original virtual knot is slice.
The component knot with two crossings is a virtual unknot diagram, therefore it is slice. The other component is a virtual knot K with four crossings, and it has Kauffman bracket polynomial K = 1 and graded genus ϑ(K) = 0. Therefore, Theorem 5.1 of [BCG17b] applies to show that it is also slice, and this implies that the original 6-crossing virtual knot is slice.
As a final application, we show that the writhe polynomial is a concordance invariant for virtual knots, giving an alternative proof of [BCG17b, Theorem 3.3] . Recall that Mellor proved that the generalized Alexander polynomial dominates the writhe polynomial. Specifically, Theorem 1 of [Mel16] asserts that
where (∆ 0 K ) (s, t) = ∆ 0 K (s, t)/(1 − st). (Recall that for virtual knots, ∆ 0 K (s, t) is divisible by (1 − st) by [SW03, Proposition 4.1].) Corollary 4.9 therefore implies that the writhe polynomial W K (t) vanishes on virtually slice knots. Since the writhe polynomial is known to be additive under connected sum (see [Che14, Proposition 4 .9]), it follows that W K (t) = W K (t) whenever K, K are virtually concordant. This argument also shows that the HenrichTuraev polynomial and the odd-writhe polynomial are concordance invariants, since both are determined by the writhe polynomial. 4.5. Concluding remarks. Bar-Natan's -construction gives a new interpretation of the generalized Alexander invariant, and it provides a new topological model for the virtual Alexander module. The association K → Tube( (K)) that was used to prove Theorem 4.8 suggests that techniques from classical link theory can be profitably used to inform the study of virtual knots. Our main result used only welded invariance of (K), but there is quite possibly extra information that can be obtained by regarding (K) as a semi-welded knotted object [BN15] . It would be interesting to develop a general theory of (n, m) semiwelded knotted objects (links, braids, string links, etc.).
The -map provides a new perspective on the generalized Alexander polynomial, and it may lead to progress on several open problems. One is to develop a better understanding of the behavior of the generalized Alexander polynomial under cut-and-paste operations like connected sum and cabling. Another is the realization problem, which asks which polynomials ∆(s, t) ∈ Z[s ±1 , t ± ] occur as the generalized Alexander polynomial for some virtual knot (or link). A more ambitious problem is to construct a knot homology theory for virtual knots that categorifies the generalized Alexander polynomial. It would be interesting to apply the -construction to these and other problems in virtual knot theory. Theorem 4.12 suggests a new definition of the Milnorμ-invariants for virtual links (cf. [DK10] and [ABMW17] ), one for which they are invariant under welded concordance. It would be interesting to combine them with the -map to gain a better understanding of virtual knot concordance. We hope to pursue some of these ideas in future work.
